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Abstract 

Let G = {V,E) be a simple graph witli n = vertices and m = \E\ edges. The first and 
second Zagreb indices are among the oldest and the most famous topological indices, defined as 
Ml = X^iey "^1 s-iid M2 = j-j^^ '^i'^j^ where di denote the degree of vertex i. Recently proposed 
conjecture Mi/n ^ M2/m has been proven to hold for trees, unicyclic graphs and chemical graphs, 
while counterexamples were found for both connected and disconnected graphs. Our goal is twofold, 
both in favor of a conjecture and against it. Firstly, we show that the expressions Mi/n and M2/m 
have the same lower and upper bounds, which attain equality for and only for regular graphs. 
We also establish sharp lower bound for variable first and second Zagreb indices. Secondly, we 
show that for any fixed number fc ^ 2, there exists a connected graph with k cycles for which 
Mi/n > M2/m holds, effectively showing that the conjecture cannot hold unless there exists some 
kind of limitation on the number of cycles or the maximum vertex degree in a graph. In particular, 
we show that the conjecture holds for subdivision graphs. 
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1 Introduction 



Let G = {V^E) be a simple graph with n = \ V\ vertices and m = \E\ edges. The first Zagreb index 
Ml and the second Zagreb index M2 of G are defined as fohows: 

Mi = '^dl and M2 = ^ didj, 

i&V {iJ)&E 

where di,d2, ■ ■ ■ ,dn are vertex degrees, while didj represents weight associated to the edge (i, j). The 
Zagreb indices were first introduced in [Ij and the survey of properties of Mi and M2 is given in |9]. 
Note that in random graphs with n vertices and uniform edge probability p, the order of magnitude of 
Ml is O(n'^p^), while the order of magnitude of M2 is 0{n'^p^), implying that Mi/n and M2/m have 
the same order of magnitude 0{v?p'^). This led to the following conjecture posed in [6]: 

Conjecture 1.1 For all simple connected graphs G: 

Ml ^M2 
n ^ m ' 

and the bound is tight for complete graphs. 

It was shown in |6j that this conjecture is not true in general by finding a disconnected counterexample 
consisting of a six-vertex star and a triangle, and a connected counterexample on 46 vertices and 
110 edges. Nevertheless, it was proven in [6] that the conjecture holds for chemical graphs. Further, 
it was proven in [11] that the conjecture holds for trees (with equality attained for and only for stars), 
while in [7j it was proven that the conjecture holds for connected unicyclic graphs (with equality 
attained for and only for cycles). 

Our goal here is twofold, both in favor of a conjecture and against it: 

(i) We show that the expressions Mi/n and M2/m are both bounded with from below and 
with fro™ above, with equality attained for and only for regular graphs. We also establish 
lower bounds for variable Zagreb indices. 

(m) We show that for any fixed number k > 2, there exists a connected graph with k cycles for which 
Mi/n > M2/m holds, effectively showing that the conjecture cannot hold unless there exists 
some kind of limitation on the number of cycles or the maximum vertex degree in a graph. In 
particular, we prove that the conjecture holds for subdivision graphs. 

2 Common lower and upper bounds 

The following two theorems give sharp lower bounds for Mi and M2. Recall that for a graph with n 
vertices and m edges, the average value of vertex degrees is 2m/ n. 

Theorem 2.1 It holds that Mi ^ The equality is attained if and only if graph is regular. 

Proof: We use the Cauchy-Schwartz inequality on vectors (^1,^2, . . . , dn) and (1,1,..., 1) to get 

Mi-n= [dl + dl + ... + dl){l^ + 1^ + ... + 1^)-^ {di-l + d2-l + ... + dn-lf = {2mf. 
Equality holds if and only \{ di = d2 = ■ . . = dn, namely if and only if G is regular. □ 



Lemma 2.2 For positive real numbers xi, X2, ■ ■ ■ , Xn the following inequality holds: 

Xl + X2 + ■ . . + Xn 



xi In Xl + 2:2 In X2 + . . . + x„ In x„ ^ (xi + ^2 + . . . + x„) In - 



n 



Proof: The function /(x) = xlnx is strictly convex on interval (0,+oo), since its second derivative 
/"(x) = - is positive. The inequality M follows directly from the Jensen's inequality [5] 



fixi) + /(X2) + . . • + fjXn) ^ J ( Xl+ X2 + . . .+ Xn 



n 



n 



Equality holds in ([T]) if and only if all equal. 



□ 



Theorem 2.3 It holds that M2 ^ The equality is attained if and only if graph is regular. 

Proof: First we use the inequality between the arithmetic and the geometric mean: 

1 d"} d q 



M2 

m 



m 



n ^'^i 



Since ^ 1, we take the natural logarithm of both sides to get 

1 " 

— y^fijlndj. 



m m 



i=l 



Then from Lemma 2.2 we get: 



m m 
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y~!"_i di\ 1 , 2m 
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and finally 



M2 ^ 



Equality holds if and only if di = d2 



dn, i.e., if and only if G is regular. 



□ 



From two previous theorems, we see that the expressions from Conjecture |1. 1| have common sharp 
lower bound: 

. Ml ^ 4m2 M2 



and 



n m 
Next we show that these expressions also have common sharp upper bound. 

Proposition 2.4 Let A be the maximum vertex degree in G. Then 



Ml AMi 
— - ^ 



^ M2 ^ AMi 
and ^ 



n 2m m 2m 

Equality is attained simultaneously in both inequalities if and only if G is regular. 



Proof: The first inequality is equivalent to the obvious inequality 2m ^ Are, while the second 
inequality is equivalent to 2M2 ^ AMi. Then 

{i,j)£E (i,j)&E ieV ieV 

Equality is attained in both inequalities simultaneously if and only if = A for every 1 ^ i ^ re, i.e., 
if and only if G is regular. □ 

Now, using the upper bound on Mi from [2] (where A is the maximum, while 5 is the minimum 
vertex degree): 

Ml <m 



2m n — 2 ^ , ^ ^. . 
+ -A + {A-6) 1 



A 



re — 1 



re — 1 re — 1 

with equality if and only if G is a star graph or a regular graph or ivTA+i U (re — A — l)i^i, we see that 
the expressions Mi/n and M2/m also have common upper bound in terms of n, m, A and 6: 
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Equality is attained simultaneously in above inequalities if and only if G is regular. 

These indices have been generalized to variable first and second Zagreb indices defined as 

n n 

i=l {i,j)eE 

More results about comparing variable Zagreb indices can be found in [10] and [12]. For 2A ^ 1, we 
define p = 2X and q = 2x-i order to establish relation ^ + ^ = 1- Now we use Holder inequality [5] 
on vectors (di, ^2, . . . , dn) and (1,1,..., 1) to get 



i/p 



^ n \ 1/9 n 



i=l 



.n^^-'>(2m?\ 



Next, raise each side of equation to the power of 2A 

(n \ 
i=i / 

The last inequality is equivalent with 

^Mi ^ re 

For the variable second Zagreb index and every A ^ it holds 



2m 

n 
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A — rn 



\ i=i 



We can use the same technique as in the proof of Theorem 2.3 and get lower bound: 

\ n 

Also, we have similar upper bounds for variable Zagreb indices: 

^ and ^ . 

n 2m m 2m 

3 Counterexamples 

Let C(a, h) be a graph that is composed of (a + l)-vertex star with exactly b triangles attached in line 
at arbitrary leaf (see Figure 1). If triangles have vertex labels Vi,Ui,Wi, where 1 ^ i ^ k, then there 
exist edges UiVi^i for every 1 ^ -i ^ A; — 1, and vertex vi is connected with an arbitrary leaf of star 

Sa+l- 




Figure 1: The bicyclic counterexample C(12,2) with 19 vertices 

Assume that a ^ 3 and 6^1. It is obvious that the number of vertices of C(a, 6) is n = a + 36+ 1 
and the number of edges is m = a + 46. Also note that C(a, 6) has exactly 6 cycles. 

In C(o, 6) there is one vertex of degree a and a — 1 pendent vertices. Every triangle has vertex 
degrees 3, 3, 2, except for the last one which has 3, 2, 2. Now we can calculate the first Zagreb index: 

Mi{C{a, 6)) = + (o - 1) • 1^ + 2^ + (6 - 1){3'^ + 3^ + 2^) + (3^ + 2^ + 2^) = + a + 226 - 2. 

The weight of a — 1 pendent edges is equal to a • 1, while every triangle has weights 9, 6, 6, except 
for the last one which has 6, 6, 4. The edges connecting triangles have weight 9, and therefore, 

M2(C(a, 6)) = a • 1 • (a - 1) + 2 • a + 2 • 3 + (9 + 6 + 6)(6 - 1) + (6 + 6 + 2) + 9(6 - 1) = + a + 306 - 8. 

The Conjecture is equivalent to M2 ■ n — Mi • m ^ 0, which for the graph C{a, 6) yields: 

(a^ + a + 306 - 8)(a + 36 + 1) - (a^ + a + 226 - 2)(a + 46) ^ 0. 

i.e., 

a2(l - 6) + a(76 - 5) + (26^ + 146 - 8) ^ 0. (2) 

Next, fix the number of cycles 6^2. The left-hand side of ([2]) is a quadratic function in a. Since 
the coefficient of is negative, and the discriminant 

D = {7b- bf - 4(1 - b){2b^ + 146 - 8) = 86^ + 976^ - 1586 + 57 



is greater than zero for 6 ^ 2, we get that the left-hand side value of ([2]) is negative for 



-{7b-5) + VD 
2(1-5) • 

Thus, each value of a satisfying ([3]) yields a counterexample to Conjecture |1.1| with b cycles. In 
particular, for b = 2we get that any a ^ 12 yields a counterexample to the conjecture and the smallest 
counterexample of this form is shown in Figure 1. 

4 Conclusion 

From the previous section it is evident that the Conjecture |1.1| cannot hold unless there exists some 
kind of limitation on either the maximum vertex degree or the number of cycles in a graph. This 
limitation may be implicitly given, as it becomes evident from the following example. 

The subdivision graph S{G) of a graph G is obtained by inserting a new vertex of degree two on 
each edge of G. If G has n vertices and m edges, then S{G) has n + m vertices and 2m edges. Clearly, 
S{G) is bipartite. 

Theorem 4.1 Let S{G) be a subdivision graph of G. Then, 

Ml (5(G)) ^ M2{S{G)) 
n + m ^ 2m ' 

with equality if and only if G is a regular graph. 

Proof: The vertex degrees of G remain the same in the subdivision graph S{G), while the new 
vertices have degree two. Thus, 

Mi{S{G)) = Mi(G) + 2^ -m. 
Every edge (i,j) of G is subdivided in two parts with weights 2di and 2dj. Therefore, 

n 

M2{S{G))= J2 {^di + 2dj) = 2j2dj = 2Mi{G). 

{i,j)eE i=i 

Using these formulas, we get that the inequality ^^^i^^C^)) ^ }^h(S{G)) gqi;^iYg^igj^|; Mi(G)+4m ^ 



n+m 2m ^ n+m 

'^^2m^^ , i.e., to Mi{G) ^ which is true by Theorem 2.1, The case of equality easily follows. □ 



References 

[1] G. Caporossi, P. Hansen, Variable neighborhood search for extremal graphs: 1. The AutoGraphiX 
system, Discrete Math. 212 (2000), 29-44. 

[2] K. Ch. Das, Maximizing the sum of squares of the degrees of a graph, Discrete Math. 285 (2004), 
57-66. 



[3] I. Gutman, K. C. Das, The first Zagreb index 30 years after, MATCH Commun. Math. Comput. 
Chem. 50 (2004), 83-92. 



[4] I. Gutman, N. Trinajstic, Graph theory and molecular orbitals. Total tt- electron energy of alternant 
hydrocarbons, Chem. Phys. Lett. 17 (1972), 535-538. 

[5] J. Hardy, J. E. Littlewood, G. Polya, Inequalities, Cambridge University Press, 2nd edition, 1998. 

[6] P. Hansen, D. Vukicevic, Comparing Zagreb indices. Groat. Chem. Acta 80 (2007), 165-168. 

[7] B. Liu, On a conjecture about comparing Zagreb indices. Recent results in the Theory of Randic 
index. University of Kragujevac (2008), 205-209. 

[8] B. Liu, L Gutman, Upper bounds for Zagreb indices of connected graphs, MATCH Gommun. 
Math. Gomput. Chem. 55 (2006), 439-446. 

[9] S. NikoUc, G. Kovacevic, A. MiUcevic, N. Trinajstic, The Zagreb indices 30 years after, Croat. 
Chem. Acta 76 (2003), 113-124. 

[10] D. Vukicevic, Comparing variable Zagreb indices, MATCH Gommun. Math. Gomput. Chem. 57 
(2007), 633-641. 

[11] D. Vukicevic, A. Graovac, Comparing Zagreb Mi and M-2 indices for acyclic molecules, MATCH 
Gommun. Math. Gomput. Chem. 57 (2007), 587-590. 

[12] D. Vukicevic, A. Graovac, Comparing variable Zagreb Mi and M^ indices for acyclic molecules, 
MATCH Gommun. Math. Gomput. Chem. 60 (2008), 37-44. 



